We show that almost all permutations have some power that is a cycle of prime length.
Introduction
In this note we prove that almost all permutations have some power that is a cycle of prime length. Equivalently, that almost all permutations have a cycle of prime length, p say, where p does not divide the length of any other cycle of the permutation.
This question arises from C. Jordan's results of the 1870s, where he showed that if G is a primitive permutation group of degree n, and G contains a p-cycle, where p ≤ n − 3 and p is prime, then G contains the alternating group of degree n. Jordan's result has been generalised several times, see for instance [3] for a generalisation to non-prime cycles.
When computing with permutation groups such results are used as a test for a primitive permutation group to contain the alternating group, and so merit special treatment. It is of interest to know that as the degree grows, it becomes easier to find such elements by random search in the giant permutation groups A n and S n .
Thee next section gives terminology and notation. Following that we give a simple but quite strong upper bound on the proportion of permutations in S n having no cycle lengths in some fixed set. The last section proves the result of the title, and some easy corollaries.
Terminology and Notation
We use S n to denote the symmetric group on the set {1, 2 . . . , n}, and A n to denote the alternating subgroup of S n .
When P is some property of permutations we say that P holds for almost all permutations when lim n→∞ p n = 1, where p n is the proportion of elements of S n having property P . When considering properties of a permutation σ, we will use n to denote the degree of the containing group S n .
When we refer to the cycles of a permutation, we refer to the factors in the product of disjoint cycles decomposition of the permutation. We will say that a permutation is a cycle when the cycles of the permutation consist of one cycle of length greater than 1, and some number (perhaps zero) of fixed points. When the non-trivial cycle has length ℓ, the permutation is called an ℓ-cycle.
A summation with index p indicates a sum over all primes p in the given range. We use the Bachmann-Landau symbols O() and o() (big-O and little-o) as defined in [2, §1.6, p7].
All logarithms here are to base e.
An upper bound
In this section we fix a degree n and a set C of possible cycle lengths, and consider the proportion of elements of S n having no cycles with length in C. We will prove an upper bound on this proportion. The parameter µ = k∈C 1/k is important here. An upper bound of 1/µ for the proportion was given in [1, Theorem VI], while [4, p39] , gives an upper bound of exp(γ − µ)(1 + 1/n). The following result is a very small improvement on this last. The article referred to in [4] was inaccessible to the current author, which led to the proof below, and the simplicity of the bound is striking.
Theorem 1 Let n be a positive integer, let C be any subset of {1, 2, . . . , n}, and put µ = k∈C 1/k. Then the proportion of elements of S n having no cycle with length in C is less than exp(γ − µ), where γ is Euler's constant.
Proof: Define, for k = 1, 2, . . . n, a k = 0 for k ∈ C, with a k = 1 otherwise. Set
This F (z) is an entire function and we take the Taylor series for F (z) about 0 to be
The methods of [5, Chapter 3] allow us to identify p k , for all k ≥ 0, as the proportion of elements of S k having all cycles with length ≤ n, and having no cycles with length in C. We are seeking an upper bound on the single coefficient p n . Define E(n), for n ≥ 1, by
It is well known that 0 < E(n) < 1/2n, and so exp(E(n)) < 1 + 1/n. Now
Using these relations we get
Now consider the derivative of F (z),
Consider this as an equation between formal power series. Observe that A ′ (z) = n k=1 a k z k−1 . Equating the coefficients of z n−1 on either side of (1) gives
which proves the result.
Consider the sequence of examples C n = {1, 2, . . . n − 1}. The elements of S n with no cycles having length in C n are the n-cycles. As n → ∞, the above upper bound is asymptotic to 1/n, which is the exact proportion of n-cycles in S n . For these examples the upper bound looks very good.
When C is a very small set, [4, Theorem B] implies that the proportion of permutations with no cycle lengths in C will be close to e −µ . The extreme examples here are C = {ℓ} for some fixed ℓ. It is known that the proportion of elements without an ℓ-cycle is asymptotic to e −1/ℓ as n → ∞, while our upper bound is e γ−1/ℓ , so the e γ = 1.781 . . . multiplier looks larger than necessary. Indeed the upper bound given above is useless (that is > 1) for ℓ ≥ 2.
In the next section we will make use of sets C where n/|C| ≈ log n and e −µ ≈ 2 log log n/ log n, a situation between the extreme examples above.
The Main Theorem
We will now prove the title statement. We first show that almost all permutations have a cycle of prime length where the prime is not too small. As we are looking at properties of S n for large n, we will assume that n > 10.
We will use an auxiliary function f (n) = (log n) 2 . A different f could be used. For the proof of the next lemma, f must not grow too quickly as n → ∞ (log f (n) = o(log n)), and, for the proof of the Main Theorem, f must not grow too slowly (log n = o(f (n))). 
as x → ∞. Now considering primes beteween f (n) and n we have
= log log n − log log log n − log 2 + o(1).
The result follows from Theorem 1 with C equal to the set of primes in the interval (f (n), n ], which shows that the proportion of elements in S n not having a cycle of the required prime length is O(log log n/ log n), so goes to zero as n → ∞.
The proof of the following theorem shows that for almost all permutations, a sufficiently long prime length cycle, as in Lemma 4.1, is in general the only cycle with length a multiple of the prime.
Theorem 2 For almost all permutations σ, there is some power of σ that is a cycle of prime length.
Proof: We continue to use f (n) = (log n) 2 , and n > 10 so f (n) > 5.
Let T n ⊆ S n be the set of permutations σ such that there exists a prime p, with p > f (n), such that σ has a cycle of length p. Lemma 4.1 implies
Fix a prime p > f (n), and consider U n,p ⊆ S n consisting of the permutations that have a cycle of length p, and have another cycle of length divisible by p. Then U n,p ⊆ T n , and note that p > n/2 implies U n,p is empty.
We find an upper bound for |U n,p | by counting all structures consisting of a permutation from S n having a first distinguished cycle of length p, and a second distinguished cycle with length divisible by p. This will be an upper bound for |U n,p | as every element of U n,p gives rise to such a structure, some giving more than one structure by distinguishing different cycles. In the following, the right hand side of (5) counts the structures mentioned, where the length of the second distinguished cycle is kp, and p > 5 so log p > 1.
Now we bound the following sum over primes greater than x > 1:
It can be shown that p>x 1/p 2 is asymptotic to 1/(x log x) as x → ∞, so this bound is far from best possible, but it is easy to derive and is enough for what follows. Let U n = p>f (n) U n,p . We have U n ⊆ T n and, using (6) and (7),
We deduce from (8) that
Put V n = T n \ U n . Let σ ∈ T n , so σ has a cycle of prime length p with p > f (n). If no power of σ is a p-cycle then σ has some other cycle with length divisible by p, so σ ∈ U n . It follows that every element of V n has the property that some power is a cycle of prime length. Furthermore, from (4) and (9),
Relating this to C. Jordan's result, we have:
Corollary 3 Almost all permutations have a power that is a p-cycle with p prime and p ≤ n − 3.
Proof:
The proportion of elements in S n having a cycle of length n, n − 1, or n − 2 is O(1/n).
So almost all permutations have no cycle of length > n − 3, thus almost all permutations power to a prime length cycle with cycle length ≤ n − 3.
The following shows that the results above also hold for almost all even permutations, so apply to algorithms recognising the alternating group as well as the symmetric group.
Corollary 4 Let q n be the proportion of elements of the alternating group A n that have a power that is a p-cycle with p prime and p ≤ n − 3. Then lim n→∞ q n = 1.
Proof: Let r n be the proportion of elements of S n that have the given property. By Corollary 3, lim n→∞ r n = 1. As A n has index 2 in S n , we have 0 ≤ 1 − q n ≤ 2(1 − r n ), and the result follows by taking the limit n → ∞.
Finally, using the results above we may prove a sharper version of the main theorem.
Theorem 5
The proportion of elements in S n that do not power to a cycle of prime length is at most O(log log n/ log n).
Proof:
We use notation from the proof of Theorem 2. It follows from Theorem 1 and equation (3) that |S n \ T n | n! = O log log n log n .
The proof of Theorem 2 gives
|U n | n! = O 1 log n = o log log n log n .
Thus we find |S n \ V n | n! = O log log n log n .
Since all elements of V n power to a prime cycle this proves the result.
